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Part B (BC): Graphing calculator not allowed 
Question 6 9 points 

General Scoring Notes 

• The model solution is presented using standard mathematical notation. 

• Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should 
be accurate to three places after the decimal point. Within each individual free-response question, at most 
one point is not earned for inappropriate rounding. 

The Taylor series for a function f about x = 4  is given by 
∞ (x )n n+ +1 (x )2 3

∑ − 4 − 4 (x − 4) (x − 4)4 (x − 4) 1
= + + + + +

n=1 (n + 1 3) n n2 3⋅ 3 ⋅ ⋅32 4 33 (n + 1 3)
and converges to f (x)  on its 

interval of convergence. 

Model Solution Scoring 

A Using the ratio test, find the interval of convergence of the Taylor series for f about x = 4 . Justify your 
answer. 

(x − 4)n+2 (n + 1 3) n (x n− +4)( 1)
⋅ = 

(n + 2 3) n n+1 1(x − 4) +  3 2(n + )
Sets up ratio Point 1 (P1) 

(x n− 4 1)( + ) x − 4 n x+ −1 4lim  li= m =   
n n→ →∞ ∞3 2(n + ) 3 n + 2 3

Limit of ratio Point 2 (P2) 

x − 4 < 1 when − <3 x − 4 3< . 3

Thus, the series converges when 1 7< <x . 

Interior of interval of 
convergence 

Point 3 (P3) 

When x = 1 , the series is 
∞ (− ⋅1)n+1

∑ 3
n + 1n=1

, which converges by 

the alternating series test. 

When x = 7  the series is 
∞

∑ 3
n + 1n=1

, which diverges by limit 

comparison to the harmonic series. 

Therefore, the series converges for 1 7≤ <x . 

Considers both 
endpoints 

Point 4 (P4) 

Analysis and interval 
of convergence 

Point 5 (P5) 
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 Scoring Notes for Part A 

 • P1 is earned by presenting a correct ratio with or without absolute values. Once earned, P1 is banked 
(i.e., subsequent errors in simplification or evaluation do not impact scoring for P1). P2 is not 
earned if there are any errors in simplification or evaluation of the limit. 

• P1 is earned for ratios mathematically equivalent to any of the following: 

(x − 4)n+2 (x − 4)n+1

(x n− 4)n+2 ( + 1 3) n (n + 2 3) n+1 (x − 4)n+1 n3n−1 (n + 1 3) n
⋅ , , ⋅+ + , or . 

(n + 2 3) n n1 1(x − 4) (x − 4)n+1 (n + 1 3) n n(x − 4) (x − 4)n

(n + 1 3) n n3n−1

• P1 is also earned for ratios mathematically equivalent to the following reciprocal ratios: 

(x − 4)n+1
(x − 4)n

(x n− +4)n+1 ( 2 3) n+1 (n + 1 3) n (x n− +4)n ( 1 3) n
3n 1

⋅ , ⋅ n −

+ + , − + , or . 
(n + 1 3) n n(x − 4) 2 (x − 4)n 2 n3n n1 1(x − 4) (x − 4)n+1

(n + 2 3) n+1 (n + 1 3) n

A response that presents any of these reciprocal ratios earns P1 and is eligible for P2, P3, and P4, 
but not P5. 

• A response that does not present a ratio is not eligible for P2. 

• A response that does not use the absolute value of a ratio can earn both P1 and P2. 

• A response that does not use absolute value in computing the limit is eligible for P3 if the expression 
4x −−1 1< <3  or an equivalent inequality is presented. 

• A response that presents an incorrect limit of form x − 4
b , where b > 0 , is eligible for P3. 

P3 is then earned for correctly finding an interval with interior (1, 7)  or 

 

(4 − b b, 4 + ) .  
Note: x b− <4  is not sufficient to earn P3. x − 4  < b  can earn P3 if this is resolved to 
− +b 4 < x b< + 4 . 

• P4 is earned for considering both endpoints of the correct interval or both endpoints of an incorrect 
interval that has earned P3. 

• To earn P5, a response must correctly analyze the series at x = 1  and x = 7 , and present the correct 
interval of convergence. Naming of an appropriate test is sufficient for the analysis at each endpoint. 
In addition to the tests listed in the model solution, the direct comparison test to an appropriate series 
or the integral test may also be used. 
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Find the first three nonzero terms and the general term of the Taylor series for f ′ , the derivative of f, 
about x = 4 . 

(x x− −4 4) ( )2 3(x − 4) (x − 4)nf x′( ) = + + +  + +  3 9 27 3n

First three terms Point 6 (P6) 

General term Point 7 (P7) 

Scoring Notes for Part B 

• P6 is earned by presenting the first three nonzero terms in a list or as part of a polynomial or series. 
• P7 is earned by identifying the correct general term (either individually or as part of a polynomial or 

series). 

C The Taylor series for f ′ described in part B is a geometric series. For all x in the interval of convergence 

of the Taylor series for f ′ , show that x − 4f x′( ) = . 7 − x

The Taylor series for f ′ is a geometric series with first term 
x − 4

3  and common ratio x − 4 . 3

x − 4
4 4( ) 3 x x− −f x′ = = =  x x− −4 73 4− −(x )1 − 3

Verification Point 8 (P8) 

Scoring Notes for Part C 

• A response of 
x − 4

′( ) 3x = x − 41 − 3

 is sufficient to earn P8. 
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It is known that the radius of convergence of the Taylor series for f about x = 4  is the same as the radius 
of convergence of the Taylor series for f ′  about x = 4 . Does the Taylor series for f ′  described in  

part B converge to x − 4f ′( ) = 7 − x  at x = 8 ? Give a reason for your answer. 

It follows from the work in part A that the interior of the interval 
of convergence of the Taylor series for f ′  is 1 7< <x . 

Therefore, x = 8  would be outside the interval of convergence 
of f ′ , and the Taylor series for f ′ would not converge to 

x − 4f x′( ) = 7 − x  at x = 8 . 

Answer with reason Point 9 (P9) 

Scoring Notes for Part D 

• A response of “no, x = 8 is outside the interval of convergence” is sufficient to earn P9. 

• P9 can be earned with a response consistent with an incorrect interval of convergence imported from 
part A. 

• Alternate solutions: 

o Because the series for f x′( )  is geometric, this converges to f x( ) for all values of x such that 

the common ratio x −
3  is between −1 and 1. 

x − 4−1 < < 1 ⇒ −3 < x x− 4 3< ⇒ 1 < < 7  3

o Because x = 8 is outside the interval 1 7< <x , the series for f ′ does not converge to 
x − 4f x′( ) =  at x = 8 . 7 − x

o For x = 8 , the series is given by 
∞
∑ 4

1
( 3 )

n

n=
, which is a geometric series with 4 r = > 1 .3

Therefore, the series diverges for x = 8 . 
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Question 6

Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.

Overview

NEW for 2025: The question overviews can be found in the Chief Reader Report on Student Responses on 
AP Central.

Sample: 6A 
Score: 9 (1-1-1-1-1-1-1-1-1)

The response earned 9 points: 5 points in part A, 2 points in part B, 1 point in part C, and 1 point in part D.

In part A the response earned P1 with the presentation of the correct ratio on the left side of line 2. The response earned 

P2 with the result of the limit, 4
3

x − , in line 3. The response earned P3 with the presentation of the interval 1 7x≤ <  

in line 6 that has the correct interior 1 7x< < . The response earned P4 with the first two infinite sums on the right after 
the expressions 1x =  and 7x = . The response earned P5 with the correct analysis of the endpoints 1x =  and  

7x = . For 1x = , the statement “converges conditionally by AST” and for 7x =  the statement “diverges by LCT to 

1

3
n n=

∞

∑ ,” demonstrates that 1x =  is included in the interval of convergence but that 7x =  is not included. The correct 

interval is presented in the boxed statement on the left.

In part B the response earned P6 with the correct presentation of the three terms in line 2. It is not necessary to simplify 
the expression, but the response is correctly simplified in line 3. The response earned P7 with the correct presentation of 
the general term as part of the series expression on the right. 

In part C the response earned P8 with the verification in line 5.

In part D the response earned P9 in lines 1 and 2 with the statement “No. The interval of convergence for f about 4x =  
is 1 7x≤ < , and 8x =  is outside of that range.”

Sample: 6B 
Score: 6 (1-1-1-0-0-1-1-1-0)

The response earned 6 points: 3 points in part A, 2 points in part B, 1 point in part C, and 0 points in part D.

In part A the response earned P1 with the presentation of the correct ratio in line 1 on the left. The response earned P2 
with the correct limit of the ratio in line 2 on the left. The response earned P3 with the presentation of the correct interior 
of convergence 1 7x< <  in the box. The response did not earn P4 because the endpoints are not checked. The response 
did not earn P5 because P4 is not earned.

In part B the response earned P6 with the correct presentation of the three terms in line 1. It is not necessary to simplify 
the expression, but it is correctly simplified and presented in line 2. The response earned P7 with the correct presentation 
of the general term in line 1. It is not necessary to simplify the expression, but it is correctly simplified and presented in 
line 2.

In part C the response earned P8 in line 2 on the right after S = .

In part D the response did not earn P9 because the stated reason for the answer “No” is based on shifting the center of 
the interval, which is incorrect.

https://apcentral.collegeboard.org/courses
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Question 6 (continued)

Sample: 6C 
Score: 3 (1-0-1-0-0-0-0-0-1)

The response earned 3 points: 2 points in part A, 0 points in part B, 0 points in part C, and 1 point in part D.

In part A the response earned P1 with the presentation of the correct ratio on the left side of line 1. The response did not 
earn P2 because an incorrect limit of 4x −  is computed. The response earned P3 with the presentation of the correct 
interior 3 5x< <  based on the identification of 4x −  as the limit. The response did not earn P4 because there was no 
attempt to check the endpoints. Note that the work in the lower left corner is crossed out. The response did not earn P5 
because P4 was not earned.

In part B the response did not earn P6 because the three terms presented in line 1 are incorrect. The response did not earn 
P7 because the general term presented in line 2 is incorrect.

In part C the response did not earn P8 because the correct expression is not used.

In part D the response earned P9 with the statement “No, since 8x =  is not in the interval of convergence, which is 
( )3, 5 , the Taylor series cannot converge at that value.” This answer is consistent with the interval found in part A.
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