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Question 6

(a)

(b)

(©)

(d)

(2)- 2
h'(2) = 3
a'(x) = 9x2h(x) + 3x3h'(x)
a'(2) = 9'22]’1(2) + 3-23h'(2) =36-4+ 24.% =160

Because 4 is differentiable, / is continuous, so lim2 h(x) = h(2) = 4.
x—

2 4 N

Also, lim A(x) = limx—_3, so lim =4
x—2 x—>21 — (f(x)) x—>21 — (f(x))

Because lim (x2 - 4) = 0, we must also have lim (1 - (f(x))3) =0.
x—2 x—2

Thus lim f(x) = 1.
x—2
Because f is differentiable, f is continuous, so f(2) = lirn2 f(x)=1.
xX—>

Also, because f is twice differentiable, /' is continuous, so
lim f'(x) = f'(2) exists.
lim £'(x) = £'(2)

Using L’Hospital’s Rule,
>4 2x 4

lim ———— = lim — = 2 -4
- (f(x) 2 3((0) S(x) 317 S(2)

Thus f'(2) = —%.
Because g and /% are differentiable, g and % are continuous, so

lim g(x) = g(2) = 4 and lim A(x) = h(2) = 4.
x—2 x—2

Because g(x) < k(x) < h(x) for 1 < x < 3, it follows from the squeeze
theorem that lim £(x) = 4.
x—2

Also, 4 = g(2) < k(2) < h(2) = 4, so k(2) = 4.

Thus k& i1s continuous at x = 2.
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1 : answer

1 : form of product rule
3:91:d(x)

1:4d'(2)

2
1 lim—o =4 ;=4
2= (f(%)

4:41: £(2)

1 : L’Hospital’s Rule

s (2)

1 : continuous with justification
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6. Functions f, g, and & are twice-differentiable functions with g(2) = h(2) = 4. Theline y = 4+ g(x —2)is

tangent to both the graph of g at x = 2 and the graph of h at x = 2.

Y- %,(x%d) +Y4

(2) Find h'(2). : i
Foil\‘r‘ (’l;”) ‘lGP{'

w\P

Wz 7

(b) Let a be the function given by a(x) = 3x°h(x). Write an expression for @’(x). Find a’(2).

al(x) = \n"(x)-?x's F AxTh(x)

6”(2): W(?)-2 (’J-;)i; 9 (MQ W ()

Unauthorized copying or reuss of =20- Continue question 6 on page 21.
any part of this page is iliegal.
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x—_ for x # 2. It is known that im h(x) can be evaluated using

(c) The function h satisfies A(x) =
— (fx)) X2

U Hospltal s Rule. Use lim h(x) to find £(2) and f” (2). Show the work that leads to your answers.

},m - x?* l—\ x—>2 ﬂtm ?-__,/"_ )/.\Un Yy “‘T

D '(F"“\’ Y ka9 -3(F(m) £7(x) i W) w"’\“
T Y o
,‘-)’)' : c T ¥,
Rim | - @(h?’b & £ ‘303 s
*2 4 N
|nderrminate form o 2 | Z m ’F‘@)MV’“‘- Q‘V"A\ /3 50
ﬁ-’w\ L uo,’,'{-t-\ s rvle af{'f—s 4 hax &:,}.k’q =Y
SUCH TRAT £(2):| FTTIRT
| 2.7V
- d
] T~
-l

im0 T oo Hhak ()1 and $AON7

EE Y

(d) Itisknown that g(x) < h(x) for1 <x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
1 < x < 3. Is k continuous at x = 2 ? Justify your answer.

9, and h given as twice ~differeatiante 1, g and hoace ot
Ge 14x<3
@(x)c k(<) € h (<)

lim 5(’6 = 4 becavse ?__Cw«hr\uods G e 91&).»\

\:" hicd = becavse W conRavovs aa*r hin)cH

K59 -
Fheorern, 0 KO = 1 (2)-u- L)
kB.s MSw;que“ equal * ;.—52;\1 hber 12x23, §iven 9—(2)' 1 h@)

meaning [c(2) rust equal H, and H”‘ K(ﬁ) Y So Ic(x) ,c conhnvovs o X2
-21- GO ON TO THE NEXT PAGE.
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6. Functions f, g, and h are twice-differentiable functions with g(2) = #(2) = 4. The line y = 4 + %(x —2)is
tangent to both the graph of g at x = 2 and the graph of 4 at x = 2.
(2) Find #'(2).
2
‘1:4*':5(.5('1) ks(z):_z_'_
3
\‘ ,L\ - %(K"Z’)
(b) Let a be the function given by a(x) = 3x>h(x). Write an expression for a’(x). Find a’(2).
R0~ WD (5 IR (<)
NCO NI, Y NICD)
. W\f 2
2y - v (100 () (%)
gxwm‘mxtﬁlgril -20- Continue question 6 on page 21.
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(c) The function A satisfies h(x) = _x___3 for x # 2. Itis known that lim A(x) can be evaluated using
: 1 - (f(x)) x—2

L’'Hospital’s Rule. Use lim k(x) to find f(2) and f’(2). Show the work that leads to your answers.

x—2

\‘h 2){
‘ x®-Y . \ _
xl;z -0y ‘ LY S VAN L
22D

- SR

Y .
EOHEY

‘l

(d) Itis known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for

1 < x < 3. Is k continuous at x = 2 ? Justify your answer.
K Wy (soRavow 4 x=1 wen et <(x) Leads H.n

or equsl 49 KOO an 16 X €3 el ik o or
1exed ISR 2D NNV Ll e £ /
gine  beth goed

vel oo OO on
“ O 0 el hey w2

ke  Cquel
a.A(SL. LX) = “ ¥ K2
[ony e e e g | 21 GO ON TO THE NEXT PAGE.
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6. Functions f, g, and % are twice-differentiable functions with g(2) = h(2) = 4. Theline y =4 + g(x —2)is

tangent to both the graph of g at x = 2 and the graph of # at x = 2.

(a) Find #'(2).

\:( = 7h

(b) Let a be the i’unction given by a(x) = 3x3h(x).. Write an expression for a’(x). Find a’(2).
a'(a) (B,é)( h'cx)) ¥ (firf}(,hm)
2 D327 ) Wy * (33

=%-h'y + 3(.y
§n'(2) 4 14y

3]

LE]

g 5 9144
E_E_ U

- ¥ —I

3 3

A i);
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2
x for x # 2. It is known that lim A(x) can be evaluated using

_E-2t
1 - (f®)? 12

(c) The function # satisfies A(x) =

L’Hospital’s Rule. Use lim A(x) to find (2) and f(2). Show the work that leads to your answers.
X2

2

(d) Itis known that g(x) < k(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
1 <x < 3.Is k continuous at x = 2 ? Justify your answer.

| 1’4'0 CO’&MVGS ek ) becmst ussﬂ VT, 4 34‘/;%
-)[\’10)}- o 39 6 v @or i"’("b that g
Yok du by VT, 9@=h=4 2 yo.
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Question 6
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview
This problem introduces three twice-differentiable functions f, g, and 4. It is given that g(2) = 4(2) = 4, and
the line y = 4 + %(x — 2) is tangent at x = 2 to both the graph of g and the graph of 4.
In part (a) students were asked to find /'(2). A response should demonstrate the interpretation of the derivative as

the slope of a tangent line and answer with the slope of the line y = 4 + %(x -2).

In part (b) the function a given by a(x) = 3x>h(x) is defined, and students were asked for an expression for a'(x)
and the value of a'(2). A response should demonstrate facility with the product rule for differentiation.

X’ —4

1= (f(x)’

evaluated using L’Hospital’s Rule. Students were then asked to find f(2) and f”(2). A response should observe

In part (c) it is given that the function /4 satisfies /(x) = for x # 2 and that 1irr§ h(x) canbe
x—>

that the differentiability of / implies that / is continuous so that lim2 h(x) = h(2) = 4. Because lim2 (x2 - 4) =0,
X—> X—>

and lim2 h(x) can be evaluated, as is given, it must be that lim2 (1 -(f (x))3) = 0, as well. Using properties of
X—> xX—>

2
limits, students could conclude that lim2 f(x) = 1. Finally, an application of L’Hospital’s Rule to lim X -4
X—>

=2 (f(x))

combined with the chain rule to differentiate ( /(x))’, yields an equation that can be solved for f(2).

In part (d) students were given that g(x) < A(x) for 1 < x <3 and that £ is a function satisfying

g(x) < k(x) < h(x) for 1 < x < 3. Students were asked to decide, with justification, whether & is continuous at
x = 2. A response should observe that the differentiability of g and % implies that these functions are continuous,
so the limits as x approaches 2 of each of g and A match the value g(2) = (2) = 4. From the inequality

g(2) < k(2) < h(2) it follows that k(2) = 4, and the squeeze theorem applies to show that & is continuous at

x =2

For part (a) see LO CHA-2.C/EK CHA-2.C.1. For part (b) see LO FUN-3.B/EK FUN-3.B.1. For part (c) see LO
LIM-2.A/EK LIM-2.A.2, LO LIM-4.A/EK LIM-4.A.2. For part (d) see LO LIM-1.E/EK LIM.1.E.2. This problem
incorporates the following Mathematical Practices: Practice 1: Implementing Mathematical Processes, Practice 3:
Justification, and Practice 4: Communication and Notation.

Sample: 6A
Score: 9

The response earned 9 points: 1 point in part (a), 3 points in part (b), 4 points in part (c), and 1 point in part (d). In

part (a) the response earned the point for the value of 4'(2) = % in line 3. In part (b) the response earned both the

first and second points for the derivative a'(x) = A'(x) - 3x> + 9x?A(x) in line 1. The response earned the third

© 2019 The College Board.
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Question 6 (continued)

point for the numerical expression a'(2) = % .3.2% +9.2% . 4 in line 3. Numerical simplification is not

required. In part (c) the response earned the first point for the verbal connection “ lirra h(x) MUST equal 4” in
xX—>

lines 2 and 3 on the right. The response would have earned the second point for the equation lirra 1-(f(x))’ =0
X—>

in line 3 on the left and presenting f(2) =1 in line 3 on the left. The response correctly restates f(2) =1 in
line 6 on the left and earned the second point with the final restatement of f(2) =1 in the circled statement in the

last line. The response earned the third point for L’Hospital’s Rule with the expression lim 2x

2 ’ in
22 =3(f(x)7 - (%)
line 1 in the middle. The response would have earned the fourth point with “ f(2) MUST equal _Tl ”in line 4 on

the right. The response earned the fourth point with the restatement of f'(2) = _Tl in the circled statement in the

last line. In part (d) the response earned the point for concluding that k(x) is continuous at x = 2 in line 8 with

the following justification: stating g and /% are continuous in line 1, evaluating lirré g(x) =4 inline 4 and
X—>
1in£h(x) = 4 in line 5, concluding 1ir112k(x) = 4 in line 6, and concluding k(2) = 4 because g(2) =4 = h(2)
X—> X—>
in lines 7 and 8. Although not required, the response correctly states use of the squeeze theorem.

Sample: 6B
Score: 6

The response earned 6 points: 1 point in part (a), 3 points in part (b), 2 points in part (c), and no point in part (d).

In part (a) the response earned the point for the value of /'(2) = % in line 1 on the right. In part (b) the response
earned the first and second points for the derivative a'(x) = h(x)(9x2) + (3x3 )h'(x) in line 1. The response

earned the third point for the numerical expression a'(2) = 4(9(2)2) + (3(2)3 )(%) in line 3. Numerical

2
simplification is not required. In part (c) the response earned the first point for the equation lim x——43 =4
2= (f(%)
in line 1 on the left. Although not required for the first point, application of L’Hospital’s Rule resulting in the

equation lim 2x =4 in line 1 on the right would also have earned the first point. The response did

2 o
22 3(/ () (%)
not earn the second point because no value is given for f(2). The response earned the third point for the

expression lim 2x in line 1 on the right. The response did not earn the fourth point because no

=2 3(f(x)” f1(x)

value is given for f'(2). In part (d) the response correctly concludes that k is continuous at x = 2. The response

did not earn the point because the justification is not sufficient. The response does not state that ¢ and £ are
continuous, does not evaluate lim g(x) =4 and lim 4(x) = 4, and does not conclude lim k(x) = 4 = k(2).
x—2 x—2 x—2
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Question 6 (continued)

Sample: 6C
Score: 3

The response earned 3 points: 1 point in part (a), 2 points in part (b), no points in part (c), and no point in part (d).

In part (a) the response earned the point for the value of 4'(2) = % In part (b) the response earned the first and

second points for the derivative a'(x) = (3x3 )(h'(x)) + (9x2 )( h(x)) in line 1. The response did not earn the third

point because of an incorrect simplification in the numerical expression of a'(2) with rewriting (3(2)3) in line 2

as 8 in line 3. In part (c) the response did not earn the first point because there is no connection between
1irn2 h(x) and 4. The response did not earn the second point because no value is given for f(2). Although the
xX—>

response attempts to apply L’Hospital’s Rule in line 1, the response did not earn the third point because of a lack

of limit notation: The use of lim2 is not presented with the quotient. The response did not earn the fourth point
X—>

because no value is given for f(2). In part (d) the response correctly concludes that & is continuous at 2. The

response did not earn the point because the justification is not sufficient. The response attempts to apply both the
“IVT” (Intermediate Value Theorem) and the “MVT” (Mean Value Theorem) rather than the squeeze theorem.

© 2019 The College Board.
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